We introduce a new lower-Vietoris-type hypertopology in a way similar to that with which a new upper-Vietoris-type hypertopology was introduced in [4] (it was called there Tychonoff-type hypertopology). We study this new hypertopology and, in particular, we generalize many results from [3] . As a corollary, we get that for every continuous map f : X −→ X, where X is a continuum, there exist a subcontinuum K of X such that f (K) = K.
Introduction
In 1975, M. M. Choban [2] introduced a new topology on the set of all closed subsets of a topological space for obtaining a generalization of the famous Kolmogoroff Theorem on operations on sets. This new topology is similar to the upper Vietoris topology but is weaker than it. In 1998, G. Dimov and D. Vakarelov [4] used a generalized version of this new topology for proving an isomorphism theorem for the category of all Tarski consequence systems. Later on it was studied in details in [5] . In this paper we introduce a new lower-Vietoris-type hypertopology in a way similar to that with which a new upper-Vietoris-type hypertopology was introduced in [4] (it was called there Tychonoff-type hypertopology). We study this new topology and, in particular, we generalize many results from [3] .
The paper is organized as follows. In Section 2 we introduce the notion of a lower-Vietoris-type hypertopology, we briefly study it and show that in general it differs from the lower Vietoris hypertopology (see Example 2.26) . In this section, as well as in Sections 3, 4 and 5, we generalize many results from [3] . In Section 3 we obtain a few results about some natural classes of maps between hyperspaces endowed with lower-Vietoris-type topologies. They generalize some results from [3] and a theorem of H. J. Schmidt [8, Theorem 11(1) ] about commutability between hyperspaces and subspaces. In Section 4, generalizing again some results from [3] , we show when a hyperspace endowed with a lower-Vietoris-type topology is compact and when it has some given weight. In the last Section 5, generalizing some results from [3] , we show that under mild conditions, the hyperspaces endowed with a lowerVietoris-type topology have a trivial homotopy type, are absolute extensors for the class of all topological spaces and have the fixed-point property. As a corollary, we get that for every continuous map f : X −→ X, where X is a continuum, there exist a subcontinuum K of X such that f (K) = K.
Let us fix the notation. We denote by N the set of all natural numbers (hence, 0 ∈ N), by R the real line (with its natural topology) and by R the set R ∪ {−∞, ∞}.
Let X be a set. We denote by |X| the cardinality of X and by P(X) (resp., by P ′ (X)) the set of all (non-empty) subsets of X. Let M, A ⊆ P(X) and A ⊆ X. We set:
• A
Let (X, T) be a topological space. We put 2 Lower-Vietoris-type topologies on hyperspaces Let X be a topological space. Recall that the upper Vietoris topology Υ + X on CL(X) (called also Tychonoff topology on CL(X)) has as a base the family of all sets of the form U
where U is open in X, and the lower Vietoris topology Υ − X on CL(X) has as a subbase all sets of the form
where U is open in X. In what follows, the assertions whose proofs are (almost) obvious will be stated without any proofs. Proof. It is obvious that F
By Fact 2.6, for proving that O ≡ Υ − X , it suffices to show that P O is a base for T. Let F be a closed subset of
Then there exists an i ∈ {1, . . . , n} such that
Corollary 2.15 Let (X, T) be a T 1 -space, M = CL(X) (or M is a closed base for X), O is a lower-Vietoris-type topology on M and T = T O . Then the Kuratowski operators for O and Υ − X coincide on the singletons of M iff they coincide on every subset of M.
. . , n and there exists an i 0 ∈ {1, . . . , n} for which
Definition 2.17 Let X be a set and M ⊆ P(X). We say that M is a natural family in X if {x} ∈ M for any x ∈ X. Proposition 2.18 Let X be a set, M ⊆ P ′ (X) be a natural family, O be a lowerVietoris-type topology on M. Then (M, O) is a T 1 -space if and only if
We are now going to construct a lower-Vietoris-type topology on a hyperspace, which is not a lower Vietoris topology. For doing this we will need some preliminary definitions and statements.
Proposition 2.19 Let X be a set, M ⊆ P ′ (X) be a natural family, (
U α,i , and (2) for every M ∈ M such that M ∩ U α,i = ∅ for some α ∈ A and for any i = 1, . . . , n α , we have that M ∩ U = ∅. (1) is fulfilled. Clearly, condition (2) is also fulfilled.
Definition 2.20 Let X be a set, M ⊆ P ′ (X) be a natural family in X and U ⊆ P ′ (X). Then:
and from M ∈ M and M ∩ U α,i = ∅ for some α ∈ A and for any i = 1, . . . , n α , it follows that M ∩ U = ∅, then we will say that the set U is M − -covered by the family U ′ ; (b) The family U is said to be an M − -closed family if it contains any subset U of X which is M − -covered by some subfamily U ′ of U.
U β,i , where U β,i ∈ U for any β ∈ B and any i = 1, . . . , n β , and for every M ∈ M, such that there exists β ∈ B with M ∩ U β,i = ∅ for any i = 1, . . . , n β , we have that M ∩ U = ∅. Then U ∈ U α for any α ∈ A. Hence U ∈ U.
Corollary 2.22 Let X be a set and M ⊆ P ′ (X). Then every family N ⊆ P ′ (X) is contained in a minimal M − -closed family, denoted by
Proof. Clearly, P ′ (X) is an M − -closed family. Now we can apply Proposition 2.21.
Proposition 2.23 Let X be a set, M ⊆ P ′ (X) be a natural family and O be a lower-Vietoris-type topology on M. Then P O (where
U α,i , where U α,i ∈ P O , ∀α ∈ A and ∀i ∈ {1, . . . , n α } (n α ∈ N, ∀α ∈ A). Let, also, for every M ∈ M such that M ∩ U α,i = ∅ for some α ∈ A and every i ∈ {1, . . . , n α }, we have that M ∩ U = ∅. Then, by Proposition 2.19,
is an M − -closed family and U ′ ⊇ V, then arguing as above, we get that
Corollary 2.24 Let X be a set, M ⊆ P ′ (X) be a natural family and
Proof. It follows from Propositions 2.12 and 2.23. 
Example 2.26 Let
where T is the natural topology on R.
U α,i , where U α,i ∈ U for any α ∈ A and any i ∈ {1, . . . , n α }, and let for every M ∈ M such that there exists an α ∈ A with M ∩ U α,i = ∅ for any i = 1, . . . , n α , we have that M ∩ U = ∅. We will prove that U ∈ U. Since U ∈ T, U α,j . Let j ∈ {1, . . . , n α }. If U α,j = (−∞, u), then u > c. Hence
, then c ∈ (−∞, u) or c ∈ (v, ∞) and we get as above that M ∩ U α,j = ∅. Thus M ∩ U α,j = ∅ for any j ∈ {1, . . . , n α }, and M ∩ U = ∅. We get a contradiction. Hence U ∈ U. Now all follows from Proposition 2.23.
The next two propositions generalize, respectively, Corollary 1.3(b) and Proposition 1.4 from [3] . Proposition 2.27 Let X be a set, M ⊆ P ′ (X), X ∈ M and O be a lower-Vietoristype topology on M. Then (M, O) is a pseudocompact, connected and separable space. Also, the intersection of any family of open dense subsets of (M, O) is a dense subset of (M, O).
Proof. We have that
is an separable space and every
e. |f (M)| = 1). Thus (M, O) is pseudocompact and
connected. Let for any α ∈ A, U α ⊆ M be an open and dense subset of (M, O). We will prove that U = {U α | α ∈ A} is a dense subset of (M, O). First, we will prove that for any α ∈ A, X ∈ U α . Indeed, let F ∈ U α . Then there exist
The following fact is obvious. ′ such that if x ∈ X, U ∈ P and f (x) ∈ U, then there exists a V ∈ T such that x ∈ V and f (V ) ⊆ U. Proposition 2.29 Let X be a set, M ⊆ P ′ (X), M be a natural family and O be a lower-Vietoris-type topology on M. Then Φ : (X, T O ) −→ (M, O), where Φ(x) = {x} for any x ∈ X, is a homeomorphic embedding. If (X, T O ) is a T 2 -space then Φ(X) is a closed subset of (M, O) and if, in addition, |X| > 1 and X ∈ M, then Φ(X) is nowhere dense in (M, O).
Proof. Let x ∈ X, U ∈ P O and Φ(x) = {x} ∈ U − M . Then for any y ∈ U we have that Φ(y) = {y} ∈ U − M . Hence Φ is continuous. Conversely, let x ∈ U ∈ T O . Then there exist U 1 , . . . ,
Hence Φ is a homeomorphic embedding.
We will prove that Φ(X) is closed in (M, O) . Indeed, let M ∈ M \ Φ(X). Then |M| ≥ 2. Since (X, T O ) is a T 2 -space, we get that there exist U i ∈ P O , i = 1, . . . , n
3 Maps between hyperspaces endowed with a lower-Vietoris-type topology
With the next three results we generalize, respectively, Propositions 2.1, 2.2 and 2.3 from [3] .
, for every C ∈ M, is continuous.
f is continuous. 
So, we have to prove that g(
Since g is continuous, this is fulfilled. Thus,
′ ) be the topology on X (resp., Y ) generated by the subbase P (resp.,
be a T 1 -space, M be a natural family and
Then the map f is closed.
Proof. Let F ∈ CL(X). Then Φ X (F ) = {{x} | x ∈ F } is a closed subset of Φ X (X) and Φ X (X) is a closed subset of (M, O), i.e. Φ X (F ) is a closed subset of (M, O) (see Proposition 2.29). Then 2
Since Φ Y is a homeomorphic embedding, we get that f (F ) is a closed subset of Y .
With our next result we generalize a theorem of H.-J. Schmidt [8, Theorem 11(1) ] about commutability between hyperspaces and subspaces (see also [6] for similar results).
Theorem 3.4 Let (X, T) be a space, P be a subbase for T,
X , is a homeomorphic embedding.
Proof. Let F be a closed subset of A, U ∈ P and
, i.e., using Fact 2.28, we get that i A,X is continuous.
Conversely, let F ∈ CL(A), U ′ ∈ P A and F ∩ U ′ = ∅. Then there exists an U ∈ P with U ′ = U ∩ A. Hence U ∩ F = ∅ and thus
. So, using Fact 2.28, we get that i A,X is inversely continuous.
4 Relations between some topological properties of the spaces and the hyperspaces endowed with a lower-Vietoris-type topology
In this section we generalize Propositions 3.1 and 3.3 from [3] . 5 Homotopy, extensions of maps and fixed-point properties in hyperspaces endowed with a lower-Vietoris-type topology
We will prove that K ∈ K. Indeed, for every α ∈ A, we have that So, (K, ≤) satisfies the hypothesis of the Zorn Lemma. Hence it has a maximal element K 0 . Since K 0 ∈ K, we get that Ψ(K 0 ) ⊆ K 0 . Suppose that Ψ(K 0 ) = K 0 . Then Ψ(K 0 ) > K 0 , a contradiction. Therefore, Ψ(K 0 ) = K 0 . Proof. Set P = T in Theorem 5.5. where 2 f (K) = f (K) and M = {K ⊆ X | K is a non-empty continuum }, is a continuous map. Then, by Corollary 5.9, we obtain that there exists a K ∈ M such that 2 f (K) = K. Hence f (K) = K.
